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Cellular Neural Networks: Theory

LEON O. CHUA, FELLOW, IEEE, AND LIN YANG, STUDENT MEMBER, [EEE

Abstract — A novel class of information-processing systems called ceffu-
far neural networks is proposed. Like a mewral metwork, it is a larpe-scale
nonlinear analog circuit which processes signals in real time. Like celfular
automata, it is made of a massive aggregate of regularly spaced circuit
clones, called cells, which communicate with each ather directly only
through its nearest neighbars. Each cell is made of a finear capacitor, a
monlinear vollage-controlled current source, and a few resistive linear
circuit elements.

Cellular neural networks share the best features of both worlds: its
continuous time feature allows real-time signal processing found wanting
in the digital domain and its local interconnection feature makes it tailor
made for VLSI implementation.

Cellular neural networks are uniquely suited for high-speed paraflel
signal processing, Some impressive applications of cellular neural networks
to image processing is presented in a companion paper [1].

[. INTRODUCTION

NALOG CIRCUITS have played a very important
role in the development of modern electronic tech-
nology. Even in our digital computer era, analog circuits
still dominate such fields as communications, power, auto-
matic control, audio and video electronics because of their
real-time signal processing capabilities.
Conventional digital computation methads have run into
a serious speed bottleneck due to their serial nature. To
overcome this problem, a new computation model, called
*neural networks,” has been proposed, which is based on
some aspects of neurobiology and adapted to integrated
circuits [2]-[4]. The key features of neural networks are
asynchronous parallel processing, continuous-time dy-
namics, and global interaction of network elements. Some
encouraging if not impressive applications of neural net-
works have been proposed for various fields such as opti-
mization, linear and nonlinear programming, associative
memory, pattern recognition and computer vision [5]-[12].
In this paper, we will present a new circuit architecture,
called a cellular neural network, which possesses some of
the key features of neural networks and which has im-
portant potential applications in such areas as image
processing and pattern recognition. This architecture is
presented in Secrion II, An in-depth analysis of cellular
neural networks then follows. In particular, the practical
question of dynamic range is derived in Section 1] and a
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Fig. 1. A two-dimensional cellular neural metwork. The circuit size is
434, The squares are the circuit units called cefls. The links between
the celfs indicate that there are interactions berween the linked cefis.

stability analysis is presented in Section IV, Computer
simulations and typical dynamic behaviors of a simple
cellular neural network will be discussed in Section V, All
of these results, though given only for single-layer cellular
neural networks, is generalized, mutatis mutandis, to
multi-lavered cellular neural networks in Section VI, Fi-
nally, two similar mathematical models are compared with
our cellular neural network in Section VI

II. ARCHITECTURE OF CELLULAR
NEURAL NETWORKS

The basic circuit unit of cellular neural networks is
called a cell. It contains linear and nonlinear circuit ele-
ments, which typically are linear capacitors, linear resis-
tors, linear and nonlinear controlled sources, and indepen-
dent sources. The structure of cellular neural networks is
similar to that found in cellular automata; namely, any cell
in a cellular neural network is connected only to its
neighbor cells. The adjacent cells can interact directly with
each other. Cells not directly connected together may
affect each other indirectly because of the propagation
effects of the continuous-time dynamics of cellular neural
networks. An example of a two-dimensional cellular neural
network is shown in Fig. 1. Theoretically, we can define a
cellular neural network of any dimension, but in this
paper, we will concentrate on the two-dimensional case
because we will focus our attention on image processing
problems. The results can be easily generalized to higher
dimension cases.

Consider an M x N cellular neural network, having
M % N cells arranged in M rows and N columns. We call

0098-4094 /88 /1000-1257501.00 ©1988 IEEE



1258

IEEE THANEACTIONS O CHRCUITS AMD SY51EMS, YOL. 35 Moo 10, ocTopER 1948

D [:i D BB gﬂgl;n_ug
i i | I _|J L-U':l
Rl D05 R e e e e s
O B8 O O0@saan noooooo
it Ol P e W e Dooauno
D D D COooO0on
JooUd Cooanaoon
kot ! =y

Fig. 2. The neighborhood of cell Cfi, 5) defined byi{lifor =1, r=2and r =1, respectively
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Fig. 3. Ancxample of a cefl circvil. € is o lincar capacitar; R, R, and &, are linear resistors: [ is an independent vollage
source; I i, 5 k. {) and Topliy fu &, Ty are Bnear voltage-controlled current sources with the charactenstos fo ki ik, =

A(]r'._,l':.k,!)u,.t and I (e fk d) = B, fk e, for all C(i jie ML f |
virlka

LR G, ) s e piecewise. linear

e conitolled eurrent source with its characlenstic f1-) as shown in Fig, 4; Ffu- is tm independent voltage source.

the cell on the fth row and the jth column cefl (i, ;), and
denote it by C(i, j) as in Fig, 1. Now let us define what we
mean by a neighborhood of C{i, j).

Definition 1. r-neighborhood
The r-neighborhood of a cell C(i, f), in a cellular neural
network is defined by

N4, j) = {C(k, 1) max{|k — |, - j]) <,

I=kgMlgiasnN]) (1)

where r is a positive integer number.!

Fig. 2 shows 3 neighborhoods of the same cell (located
at the center and shown shaded) with » =1, 2 and 3,
respectively, Usually, we call the r=1 neighborhood a
"3x3 neighborhood,” the r=2 neighborhood a “5x35
neighborhood,” and the r=3 neighborhood a “7%7
neighborhood.” It is easy to show that the neighborhood
system defined above exhibits a symmerry property in the
sense that if C(J, /)€ N,(k.[), then C{k, 1) N j), for
all C{f, j)and C(&,{) in a cellular neural network.

A typical example of a cell C(1, 7} of a cellular neural
nelwork is shown in Fig. 3, where the suffices u, x, and ¥
denote the input, siate, and output, respectively. The node
voltage v, of C(4, f} is called the state of the cell and its

"To aveid clutter, we will often suppress the subseript .

initial condition 1s assumed to have a magnitude less than
of equal Lo 1. The node voltage v, is called the input of
C(t, ) and is assumed to be a constant with magnitude
less than or equal to 1. The node voltage b, is called the
output.

Observe from Fig. 3 that each cell €(i, j) contains one
independent voltage source E, o one independent current
source [, one linear capacitor C, two linear resistors R,
and R, and at most 2m linear vollage-controfled current
sources which are coupled to its neighbor cells via the
controlling input  woltage v, and the feedback from
the ourpur voltage ¢, of each ncighhor cell C(k, 1),
where m is equal to the number of neighbor cells. In
particular, [ (¢, ik, I}y and £, (4, f; &, ) are lincar voli-
age controlled current sources with the characteristics
fo G ik Dy = A, fok Do, and 1G, kD=
B{i, ji k, [)v for all C{k,{) € N.(i, /). The only nonlin-
eqr element in each cell is a piccewise-linear voltaze-con-
trolled current source I, = (1/R )f(¢,, ) with character-
Istic f{-) as shown in Fig. 4,

All of the linear and piecewise-linear controlled sources
used in our cellular neural networks can be easily realized
using operational amplifiers (op amps) [13], [14]. A simple
example of an op amp implementation of a cell circuit 15
given in the Appendix, Without loss of generality, the cell
circuit architecture in Fig. 3 will be used throughout this

paper.
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Applying KCL and KV,
are casily derived as follows:

the circuit equations of a cell

Sdate equalion:

dv,, (i) 1
B e a0
il R

3

+ ¥ At

CiEN1E N0

| + X

Ik, I'I}-L‘.P“{_t:l

Bli, ik d)o,, + 1,

' TR T EN (e, 1)
lgis M1 7a N (2a)
Ouiput equatian;
1, ‘i
t L6} El- b 1)+ 1] B3 1]).
lsigs Ml js N (20
Faput LN
B = .F.'] i lziaz M1 7 L' {}.;-,}

Constraint corddittons:

| r,'_wll\{]]

| ‘wi

£, laigs M 1 ja N
M 1= js N

()
ES I (2c)
Parameter assumplions.
Alf, ok Dy =A(k. 5, ),
lai ks M 17 0N
om0 R, =10

(21}
(2g)

Remurks:

(a)y All fnner celfs of a cellular neural network have (he
same cireuit structures and element values, The jn-
ner cell 15 the cell which has (2r + 13* neighbor cells,
where ris defined in (1), Al other cells are called
houndary eelis. A cellular newral network is com-
pletely characterized by the set of all nonlinear
differential equations (2} associated with the cells in
the cireuit.

Each cell of a cellular neural network has ar most
three nodes, (Sowetimes we will choose £ =0 if
B Gk By =0 for all cells inoa cellula [ILLlr1| nul-
work. In this case, there are anly Lwo nodes in a cell

i)

Mo =L+ R+ R rHax

|.«,m_.w,1-:_;e;.¢

circwit.) Since all cells have the same datum node,
and since all cireoit elements are voltage controlled,
our cellular newral networks are ideally suited for
nodal analysis. Morcover, since the interconnections

“Tn practice, the magnitude of the signal can alwass be normalized 1o
satisfy these conditions

o (i

Clh.fE i n

L350

ieh

| |
-T'|'+| -|v—||.:

Fig. 4 The charueteristie of the nonlinear eonteolled source

are focal, the associated matin node equalion is
extremely sparse lor large cireuits,

{} The dynamics of a cellular neural network has both
output feedback and input control mechaniss. The
output feedback cffeet depends on the interactive
parameter A(4, 400 and the wput control effect
depends on B((, i k0 Consequently, il is some-
times instiuctive Lo refer to A0 k) as a jfeed
hack aperaror and B(i, j k. 4} as o condrol operalor,
The assumptiens in (203 are reasonable bocanse of
the symmetry property of the neighborhood system,

() The values of the cirowt elements can be chosen
conveniently In practice. #, amd R delermine the
power dissiputed in the cireoits and are usvally
chosen (o be between 1 k@ and 1 M. CR, is the
time constant of the dynamics of the circuit and is
usually chosen G b 100 P10 7 5

1. Dynamic RanGe oF CRLLULAK
NEURAL METWORKS

Before we desipn a physical cellular neural network, it is
necessary to know its dynamic range in order o puarantes
that it will satisfy our assumptions on the dynamical
eyualions stipulated i the preceding section. The follow-
ing thearem provides the foundation for our design,

Theorem 1
All srares vy ina cellular neural network are bounded
for all ume 7 >0 and the bound £, can be computed by

the following formula for any cellular neural network;

PRI BGL k)| (3)

Proaf: First. let us recast the cell dynamical eguation
(2} as

dfl.\l',l'l"rl:l !
T= R N B Er,|+;gI () +

lgigs Mg jeN [da)
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where
k . .
Ll == L 4'1{‘-1:-"1-")”),“(131
C Clh D eEMiL N
lisM; g ;5N (4b)
1
HIJ{HJE E n(‘i-'j.'k’::'uﬂjtlr'
Ok, I ML )
lis M 1= js N (4
and
i - 44d
_(_‘ { ].

where w= £ ],y indicates an MN-dimensional eon-
stant input vector. Fquation (4a) is a first-order ordinary
differential equation and s solution is given by

J_:AEJ.(;] = le_jm}e StR,C
+ fue‘lr—ﬂ;rc_f-'[f;.jl."r)‘f' ,gu(u;l 1 fi dr. {5)

It follevws that

t:,”(r_}[r; uxfj(U'Jc“‘f'”:[
bR -
=+ u]e ML [Jﬂ.}.('.}-t-g“(u]+ .fta"r
% Ihf,-'fﬂl |5’_rer"C
+f:c_“_’]/”‘r"[|ﬂ,.(f:| | i Jgu(uH + |f|] dr
L]
a0} e
L E, 4G )] jr; fam =TI RG g
&|o,,(0) |+ RC[F,+ G, +17]] (6)
where

Fu_ ||1:-11|_.I':_|,(a']|

B [AGi pok d) | max o, ()| (7a)
Ok 1 E AL ;

| -

anil
G, = lg, (u)]
y=max g, (u)]
123
1
£ 3
c CLE AT E N, )

since Ju,; (0} and |v, | salisly the conditions in (2d)
and (2e), and sinec |2, 1)) satisfies the condition

|["H'.l'[:)|£l’

| B{i, j; k. 4} max|o ] (Th)

for aif ¢

(8)

in view of its characterisuce function (2B}, it follows from
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{6) and (V) that

0, () | « 0., (0!

+ R

T

¥ (!,A(a,_f;k.mm';iﬂu_p“{r'”

ik =ML R

= |B{i s ko d} max gl |+ 11

(lAte. ik, £}
A N S

:‘:I-'-I{?l Z
ik

+ B0 ik, 0Y) + 14

¥

lsig M1 fu N, [Q)
Now let
umu=ma1-{1-.lRI|I|-1-R_T ¥ (lA(i, ji k1|
{1

Cyk e ML )

+|Btr'...,f-.k..r)|}} (10)

then since ¢, 15 independent of the ume ¢ and the cell
Cii, f) for all 7 and §, we have

maxji, | € . foral lgia Mg ja N (1)
; :

For any cellular neural network, the parameters R, €, [,

AL fok d) and (i, f; &0y ace finite constants, therefore

the bound on the states of the cells, ¢ 15 finite and can

ming
be computed via foumula (3). O

Hemark:

In actual circunt design, it is convenlent to choose the
seale of the cireoil paramcters such that R |F]=1,
R AU, jik, D)) =1 and R |IB(i, ji ke, B =1, for all i, j,
d, and [ Henee, we can easily estimate the upper bound
ar the dynamic range of our cellular neural networks, For
example, if a neighborhood of the cellular neural netwark
is 3 3, then we can have vy, = 20 ¥V, which 15 within the
typical power supply voltage range of IC circuits,

IV, STABILITY OF CELLULAR MEURAL NETWORKS

One application of cellular neural networks is in unage
processing, which we presenl inoa companion paper [1].
The basic funcuon of a cellular neural network for image
provessing is b muap or ransforme an inpot image inlo a
corresponding output imape. Iere, we restrict our output
images to bhinary images with —1 and 1 as the pixel values.
However, the input images can have multipke gray levels,
provided that thew corresponding voltages satsfy (e}
This means that our image processing cellular neural net-
work must always converge to a constant steady state
following any transient regime which has been initialized
and for driven by g given input image. How can owe
guarantee the convergence of cellular neural nerworks?
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What are the conditions or restrictions for such conver-
gence to be possible? In this section, we will discuss the
convergenoce property and its related problems for cellular
neural networks.

One of the most effective techniques for analyzing the
convergence properties of dynamic nonlinear circuits is
Lyapunov’s method, Hence, let us first define a Lyapunov
function *for cellular neural networks.

Definition 2:
We define the Lyapunov function, £(¢), of a cellular
neural network hy the scalar function

1 )
E(t)==3 £ ¥ Alijik. Do, (0 (0)

(4, Fh (k0]
e o lg
iR, (i) “ris
i }.:- E B“!.ﬁkﬂr}ayu{f]”ﬂﬂ E ‘fv_p!_f{!)
L 7 (k) (i J)
(12)
Remarks:

(2) Observe that the above Lyapunov function, E(¢), is
only a function of the input, ¢, and output, 0,
valtages of the circuit. Although it does not poss-css
the complete information contained in the state vari-
ables v,,,. we can nevertheless derive the steady-state
propeities of the state variables from the properties
of E(t).

(b} The Lyapunov function, E{(r), defined ab:m:, can be
interpreted as the “generalized energy” of a ceflular
neural network, although its exact physical meaning
is not very clear. As the following theorems will
show, E£(t) always converges to a local minimum,
where the cellular neural network produces the de-
sired output,

In the following theorem, we will prove that E(r) is
bounded.

Thearem 2
The function E(r) defined in (12) is bounded by

max |E(t)|< E,, (13a)
1.
where

1
Euw=3 L L |4l jik,1)]

[ 71 (k. 0y

+ ) L|Rr;if)|

LW RN

1 i
+M."u’[—+|!|
|2R ¢

"

(13b)

for an M % N cellular neural network.

1261,

Proof: From the definition of £(r), we have

IL(r}Ia»— Y LA ik, D, (0]

{f Py ik n

z Uvr_r

g

2 X Z |B(frj;k*“}||[‘:trr_,l(f}||f'lwk.|'|

LAk

+ E lfl |u|u',|"|'

(i /1

u::f(f”

ER

(14)

since v, (1) and ¢, are bounded as stipulated in (2d)
and (2e), we have

ILfr}I*—

1
7 L L4l ik ) [+ MN

(1) (R, By 5
+ ¥ X |B(i.ji k) |+ MN|I|.
(o f (kD
It follows from (13b) and (13) that E{¢) is bounded as
claimed in (13a)0]

(15)

Not only can we show that E(7) is bounded, but we can
also prove that it is a monotone decreasing function.

Theorem 3
The scalar function E(¢) defined in (12) is a monotone-
decreasing function, that is

dE(t)
dt

Proof: To differentiate £(¢) in (12) with respect to
time f, take the denivative of o ;1) on the right side of
(12) with respect to v, (1), an ‘then differentinte v, 1)
with réspect to time #;

<. {16}

dE(t o du
4 "_>_: Z“'t L k”’ ;”{ )kal'(r)
dr Gy ey dﬂxu de
1 i do [t
1 s E xf;: }UJ.IJ{I]
R, (i) dr.:,.,l, dt
[
E E B(i, j; k, f} M‘r{ }E’N.c«.r
(6 Fy (koD REf dr
ey dv,, .:z’uwff} an
P T
Gy Foeij

Here we have used the symmetry assumption (2f).
From the output functions in (2b), we oblain the follow-
ing relations

do .. i v, =1
i { 1 {18a)
daxi_.l' ‘0‘ | XJJJ‘?I
and
Boiy = By e, =1, (18b)

(Here, we define (dv,;; /dvy ) =0, for |o, |=1) And



1262

according to our definition of cellular neural networks, we

have
Ali, jik, 1) =0, B(i,j;k,1)=0,
for Clk, 1) & N.(i, ).
It follows from (17) and (18) that
dE(¢) dv,, , dv,, (1)

=-— )y =
dt 1) dv,; dt

(18c)

1
[ i A(r,;;k.!)uy“{r}--R—uﬂ.j{:]
ik, 1y € N(L. )

x
-
Clk. 1) € NI, )

Loy Sl

<t A

B{i,j;k,.f}uu”-i-fw

Z A(i J k !}!’kal("] Jl}(r)
Clk. D aE NN R,
+ b B(i, ik, ), +1 (19)
Clk, 1) € M A1 1)

Substituting the cell circuit equation (2) into (19), and
recalling C > 0 in assumption (2g), we obtain

dE(1) _ - Poe x,,{ 07

di log ] =1

<0. O (20a)

Remarks:

(1) For future analysis (e.g., corollary to Theorem 4), it
is convenient to rewrite (20a) as follows:

dE(1) duy; (1)
Tzuia,rﬂ J ]
-zaf[“"L‘”T
<0. | (20b)

(2) In the above proof, we have assumed that v, =
f(v,;) is a piecewise-linear function and have de-
fined its derivative at the break points, |v,,,|=1. In

any hardware (e.g, VLSI) inplementation, Uyy =

J(v,;) is a smooth function in the sense that it is

continuously differentiable. Fortunately, Theorem 3

can be proved to hold for any sigmoid function®

b, = fle,,), which satisfies the condition

(dv,,,/dv,,;) 2 0. To prove this, simply replace the

3
The sigmoid function f(x) is defined by the clies |fLx)l < M
and (df{x)/dx) =0, where M is a constant. 3 PEORS /()]

e e Rt < IR ~, S IR R A e R i T
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second expression in the Lyapunov function E(t) in

(12) by

o E f’”{” Yo)de (20¢c)

H4 ik

and then differentiating E(¢) directly to obtain

f: {dﬂ‘” IJI <0. (20d
du.'trj ‘ )

(1Y

This Lyapunov function is similar to the one used by
Hopfield in [26] and can be interpreted as the total co-con-
rent function of an associated nonlinear resistive circuit
[27].

From Theorems 2 and 3. we can easily prove the follow-
ing important result:

Theorem 4
For any given input ¢, and any initial state »v, of a
cellular neural network, we have

lim E(t) = constant (21a)
=g
and
dE(1)
lim = (21b)
t—em t

Proof: From Theorems 2 and 3, E(t) is a bounded
monotone decreasing function of time r. Hence E{t) con-
verges to a limit and its derivative converges to 0.0

Corollary

After the transient of a cellular neural network has
decayed to zero, we always obtain a constant dc output. In
other words, we have

hrn BJ'U(I) =constant, l<isM;l<jsN (2lc)

or

oy (1)

=0, lsisM;l<sj<N. (21d)
1= uo et

Let us investigate next the steady-state behavior of cellu-
lar neural networks. It follows from the proof of Theorem
3 that under the condition (dE(t)/dr) = 0, there are three

possible cases for the state of a cell as ¢ tends to infinity:
d“’xu( ,)

(1) =0 and e ()] <1 (22a)

(2) d‘}%'rmﬂ and o, (1)]|=1 (22b)
do,,, (1)

(3) —;——*0 and |o,,(1)]|=1 (22¢)

because of the characteristic of the piecewise-linear output
function (2b).
This will be clear if we consider Fig. 4. When |o,, ()] <1,

xi
we have B /(1) = 0;(1) and therefore [dum{:)ﬂﬂ}=
(dv

xiJ
xi f

(¢)/dt). From Theorem 4 and its corollary, case (1)
follows. But for |v,, (1)]>1, since v, (1) # v, (1), where
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fi))

Fig. 5. The characteristic of the nonlinear resistor in the equivalent cel!
circuit.

v,ii{t)=+1 is a constant, we do not have the precise
waveform of v, (¢). In the case where v, () = constant,
we have case (2). Otherwise, case (3) applies and v, (1)
may be a periodic or an aperiodic but bounded function of
time, in view of Theorem I,

Is it possible for all three cases to co-exist among the
different state variables when a cellular neural network is
in its steady state, or can only one or two of three cases
exist? We claim that only case (2) can exist for all v, ; in
the steady state under a mild assumption on the range of
the circuit parameters (i, j; i, j) and R,.

To prove this claim, let us rewrite cell equation (2) as
follows:

C.d‘-'}ij(f}

= /() +2(0) (23a)

where

f(”;ij(f)} s _U-SA(E-J.; i J'}(E”xu(f)"'l,_|”xa‘j(f}_1”

1
- R_kv"”(f} (23b)
and

g)= ¥
Clk. ) e M(i i)
Clk, = C(i, )

(A, j; kod)u,(1)

+B(i, ji k, Do)+ 1. (23c)

Let us first make some restrictions on the function f(-)
in (23b). Suppose that A(i, j; i, j)>1/R,; for conveni-
ence and without loss of generality, let A(i, jii, j) =2,
R.=1, and C =1, in the following analysis. Then flo,))
has the characteristic shown in Fig, 5.

Consider next the equivalent circuit of a cell in a cellular
neural network as shown in Fig. 6. There are only three
circuit elements: a linear capacitor with a positive capaci-
tance C, a piecewise-linear voltage controlled resistor with
its driving point characteristic i, = f(v,) (f(-) is the same
function as in Fig. 5), and a time-varying independent
current source whose output is given by g(). The two
circuits in Figs. 3 and 6 are equivalent because they are

P A
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1]

ig= filg)

2
&
L]
|

Yg

Fig. 6. The steady-state equivalent circuit of a cell in a cellular neural
network.

both described by (23a), which we rewrite for simplicity as
follows:

do
22— Ho(1))+ 5(0) = flo.)

(24)
For g(r) =10, the equilibrium points and the dynamic route
[13), [14] of the equivalent circuit are shown in Fig. 7a.
There are three eguilibrium points in this circuit, one of
them, v =0, denoted by a circle is unstable; the other two,
v=-2 and v=2, are siable, and are dencted by solid
points. The unstable equilibrium point is never observed in
physical electronic circuits, because of unavoidable ther-
mal noise. Therefore, after the transient, and depending on
the initial state, the circuit will always approach one of its
stable equilibrium points and stay there thereafter. For
example, if the initial state of the circuit is v = 0.5, then
the steady state will be observed at the srable equilibrium
point v = 2; but if the initial state of the circuit is v = — 0.5,
then the steady state will be observed at the stable equi-
librium point v = -2,

If g(t) = constant # 0, there are six different cases of the
dynamic behavior of the equivalent circuit as shown in
Fig. 7(b)-(g). For the cases in Fig. 7(b) and (c), there are
also three equilibrium points; one of them is unstable, while
the other two are stable. For the cases in Fig. 7(d) and (e),
there are two equilibrium points; one is unstable and the
other is stable. For the¢ dynamic route in Fig. 7(f) and (g),
there is only one equilibrium point for the circuit, and it is
stable. Observe that all of the stable equilibrium points
corresponding to the seven dynamic routes associated with
the equivalent circuit of a cell in a cellular neural network
share the common property || > 1.

Let us return now to the basic cell circuit of our cellular
neural networks. Since g(r) is a function of only the
outputs, v,,,(¢), and the inputs, v,,,. of the neighborhood
of the cell, it follows from the results of Thearem 4 that all
of the steady-state outputs of our cellular neural network
are constants. Hence, after the initial transients our as-
sumption g(t) = constant is valid for the study of the
steady-state behavior of cellular neural networks. Let us
summarize our above observation as follows:

Theorem §
If the circuit parameters satisfy

A{i.j;l',j)}Ri, (25)

x
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Fig. . Cloning templates of an interactive cell operator. The unit used
hereis107' 01,

then each cell of our cellular neural network must settle at
a stable equilibrium point after the transient has decayed to
zero. Moreover, the magnitude of all siable equilibrium
points is greater than 1. In other words, we have the
following properties:

lim v, (1)[>1, 1<isM;1<j<N (26a)
- -}
and
fli'a'-z;u,,j{z}-il, lgisM;1l< j<N. (26b)
Remarks:

{a) The above theorem is significant for cellular neural
networks because it implies that the circuit will not
oscillate or become chaotic [15], [16].

(b) Theorem 5 guarantees that our cellular neural net-
works have binary-value outputs. This property is
crucial for solving classification problems in image
processing applications,

{c) It can be easily shown by the same technique that
without the constraint of (25) both case (1) and case
(2) can co-exist but case (3) cannot. This implies that
remark (a) is true even without the condition (25).

(d) Since A(i, j; i, j) corresponds to a feedback from

the output of cell C(i, j) into its input, condition (25)

stipulates a minimum amount of positive feedback in
order to guarantee that the steady-state output of each
cell is either +1 or -1. Note that this condition is
always violated in a Hopfield neural network since its
diagonal coupling coefficients are all assumed to be
zero [2]. To guarantee a similar £ 1 binary output in
the Hopfield model, it is necessary to choose an in-
finite slope [26] in the linear region of the nonlinear
function f1-) in Fig. 4. In contrast, the corresponding
slope in a cellular neural network is always chosen to
be equal to one.

V. CoMPUTER SIMULATIONS OF 4 SIMPLE
CELLULAR NEURAL NETWORK

In this section, we will present a very simple example to
illustrate how the cellular newral network described in
Section I works. This example will also help to provide a
better understanding of the theorems proved in the preced-
ing sections.

The cellular neural network for this example is the same
as that shown in Fig. 1, that is, the network size is 4 4.
The circuit element parameters of the cell C(i, f) are
chosen as follows.

1265,
For any C(k.l) € NI, j) with r=1, Le, for any 3 X3
neighborhood system (see Fig. 2), let
Ali, fii—=1,j-1)=0;
Ald, jii-1, j) =107 Q"%
Ali, j3i=1,j+1) =0
Ali, 10, j=1)=10"2Q"1;
Ali, i D) =20x107° 87
Ali, i, j+1) =102 Q!
Al jii+1, j=1)=0;
Ali, jii+1,j) =102 Q"%
A(i, jii+1, j+1) =0
C=10""F: R.=1078; I'=0:
B(i, j; k,0)=0, for C(k,I)EN(i, ).

Since B(i, j; k, ) =0, the 3% 3 coefficients A(i, j; &, 1)
alone determine the transient behaviors of the cellular
neural network. We will often specify these coefficients in
the form of a square array as shown in Fig. 8(a), hence-
forth called the cloning template which specifies the dy-
namic rule of the cellular neural network.

The dynamic equations of the cellular nevral network
corresponding to the above parameters are given by
du, (1
#=l{]ﬁ[— vy (1) +20,,,(1)

+ inj—1{’}+ U;r'—u{'] + ”yf+1;{f)+ ”,-r;‘ﬂ("]] (27a)
and

Uzjj(:)+1|_|u:fj{:]_1”'
forl<i<4;1<j<4. (27b)

It is convenient to recast the right-hand side of (27a)
into the symbolic form

v, (2) = [I.S{

d‘uxu'(t:l [} & :
= = ~10%,,(1)+10 lfl *u,,(t) (28)
T

with the help of the two-dimensional convolution aperator »
defined below:

Definition 3:

For any cloning template T (such as the example shown
in Fig. 8(a)) which defines the dynamic rule of the cell
circuit, we define the convolution operator * by

Tru,= B T(k—i - j)og
Cilk.dye NG

(29)

where T(m, n) denotes the entry in the mth row and nth
column of the cloning template, m=—1,0,1 and n=
—1,0,1, respectively.

Note that in the above definition A(i, j; k, I} is assumed
to be independent of i and j for this cellular neural
network. This property is said to be space invariant, which
implies that A(i, j; k,!) can be expressed as A(k—i,1—
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J). Unless stated otherwise, all cellular neural networks are
assumed to have the space invariant property. This prop-
erty allows us to specify the dynamic rules of cellular
neural networks by using cloning templates.

To study the transient behavior of (27a), let us apply an
initial voltage v, (0) across the capacitor of each cell
C(i, j). Each initial voltage may be assigned any voltage
between —1 and 1, as stipulated in (2d).

The circuit simulator we used to obtain our transient
response is PWLSPICE [17], which 1s a modified version of
SPICE3 [18] for piecewise-linear circuit analysis. The input
and output files are the same as those for SPICEZ.

The transient behavior of the above cellular neural net-
work with the initial condition specified in the array of
Fig. 9(a) has been simulated. The state variables of the
circuit, o, at =35 pS are shown in Fig. 9(b). The maxi-
mum absolute value of the state variables at =35 pS is
equal 1o 6, approximately. The upper bound o, of o, as
computed from equation (3) of Theorem I is equal to 7,
which is very close to 6!

The corresponding outputs, v, at 1 =15 pS are shown in
Fig. %(c). Observe that all output variables assume binary
values, either 1 or —1, as predicted by Theorem 5. (Here
the condition A(i, j; i, f)>1/R is satisfied.)

Since it would take too much space to display the
transient of the entire circuit, we only display the transient
behavior of one cell C(2,2) in Fig. %d). The initial value of
the state variable is equal to 1.0, and the value at t =5 uS
is equal to 2.02, approximately, The maximum value of
Uypa(1) is equal to 3 and occurs at t=08 puS, approxi-
mately. Since the state variable is kept above 1.0 during
the entire transient regime, the corresponding output re-
mains constant at 1.0, as predicted from Fig, 4,

Before we investigate how many distinct values that
U;;(1) can assume in the steady state, consider first the
following:

Definition 4:

A stable cell equilibrium state, v}, of a typical cell of a
cellular neural network is defined as the state variable v,
of cell C(i, j), which satisfies

d”xu(f)

o (30)

=0and |0} |>1

0
*
Paiy = By

under the assumption v, =+1 for all neighbor cells
C(k, ) E N, j).

Remark:

Definition 4 holds for any assumed combination of Oyt
= 1, and, therefore, may nor represent an actual compo-
nent of an equilibrium state of the overall circuit.

For our current example, equivalently, the stable cell
equilibrium states of an inner* cell circuit C(i, j) are the
solutions v,;; of the de cell circuit equations obtained by

*The same method is applicable for the boundary cells as well,
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Fig. 9. Computer simulation of a 4x4 cellular newral petwork. (a)
nitial states. (b) Final states. (c) Outputs at steady state. (d) Transient
waveforms of cell circuit ©(2,2).
replacing all capacitors by open circuits; namely,
gy =20+ Uyq;+ Opayy + Oy + U500, (310)

under the conditions:

loadzl, 1<k, i<4 (31b)

and
el =1, 1<k, I<4. (31c)

Substituting condition (31c) into the dc equation (31a)
and using the sgn(-) function defined by

1, x>0
sgn(x)={ 0, x=0
=1 x=<0

we obtain
UKU - 25@("}5}'} +SED(U)H'— 1_,!')
* S.E'-n':Uy.‘+1j}+SBII[inJ'—L}+SBﬂ(”yiJ+1}- (32)

Furthermore, since sgn(v,,;) =sgn(v,;,) from (2b), it

follows that
ux.l’j—z'sgn{y:ij) =sg'n{uj1'—1j}+sgn':nyi+lj)
+53n("yi;'—1}+55n(uﬂj+t}- (33)

Observe that the right-hand side of (33) can only assume
five possible values; namely, —4, —2, 0, 2, and 4. It
follows that the corresponding values that can be assumed
by the state variable v,,, are —6, —4, (=2 or 2), 4, and 6.

It follows from the above analysis that each inner cell
circuit for our present example can have only six possible
stable cell equilibrium states; namely, —6, —4, -2, 2, 4,
and 6.

The actual stable cell equilibrium state attained by each
cell clearly depends on its initial state as well as those of
its neighbor cells. Hence a cell may eventually approach
any one of its stable equilibrium state even if its initial
state remains unchanged. For example, consider the

i
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Fig. 10. Six different sets of initial conditions in which the initial states
of cell C{2,2) are the same,

six distinct set of initial conditions in Fig. 10. In all the
cases, the initial state of cell C(2,2) are the same, that is,
U,23(0) =1.0. After the transient has decayed sufficiently at
t=35 uS, the states corresponding to these initial condi-
tions are shown in Fig. 11. Observe that the states of cell
C(2,2) at =35 pS are given, respectively, by 5.97, 3.99,
202, 192, —3.96, and —5.94. It is clear that all six
distinct stable cell equilibrium states of C(2,2) will be
attained in the steady state. The transient behaviors of the
cell €(2,2) for the six initial conditions in Fig. 10 are
shown in Fig. 12, Observe that even though they all start
from the same initial point, the steady states approach
different points via different routes. Observed also that the
transient response is not necessarily monotonic; the re-
sponse in Fig. 12(c) is a case in point.

Another interesting phenomenon can be observed by
choosing the 4 distinct sets of initial conditions in Fig. 13.
Observe that even though these initial conditions are very
different, their corresponding final states at 1 = 5 pS in Fig.
14 are virtually identical. The corresponding outputs in
Fig. 15(a) are exactly the same, as expected.

Let us now focus on the global dynamic behavior,

Definition 5:

A stable system equilibrium point of a cellular neural
network is defined to be the state vector with all its
components consisting of siable cell equilibrium states.

It follows from the above definition that a cellular
neural network is always at one of its stable system equi-

]2-??

198 | 497 | 497 | 397 3.98 497 | 497 193
497 | 597 | 597 | 47 299 | 399 | 398 | 200
497 | 597 | 596 | 4.97 298 | -30d | 397 | 200
396 | 497 | 497 | 398 398 | 496 | 497 | 308
—
(a) (b)
145 198 297 | 198 <358 1595 | 254 | 398
198 103 | -394 | 496 =395 | -1.52 | 399 | 457
208 | -394 | .504 | 497 308 | 359 | 595 [ 407
398 | 496 | 497 | 308 398 | 497 | 497 | 198
(c) d)
398 | 497 [ -497 | 398 198 | 497 | 497 | 293
198 | 3% | 397 | 299 497 | 594 | 586 | 497
298 | 395 | 397 | 299 497 | 596 | -597 | 497
398 | 497 | 497 | 398 <398 | 497 | 497 | 208
] )

Fig. 11. The final states cwrch%onding to the initial conditions in
. 10,

-7.0 i i i i i
LM 1.0 2.0 1.2 i.8 5.8
time [1.8e-8 5)

Fig. 12. The transient behaviors of cell C(2,2) corresponding to the
initial conditions in Fig, 10.

librium point after the transient has decayed to zero. From
the dynamic system theory point of view, the transient of a
cellular neural network is simply the trajectory starting
from some initial state and ending at an equilibrium point
of the system. Since any stable system equilibrium point,
as defined in Definition 5, of a cellular neural network is a
limit point of a set of trajectories of the corresponding
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Fig. 13. Four different sets of initial conditions.
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Fig. 15. (a) The outputs nding to the initial conditions in Fig,
3. (b) The stable xiysm rium point corresponding to the initial
itions in Fig. 13.
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Fig. 16. Another initial condition,
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Fig. 17. The outputs of a cellular neural petwork with its dynamic rule
a5 grescribed by the cloning template in Fig. 8 (a) and (b), respectively,
and with its initial condition given by Fig. 16,
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(a) (b)
Fig. 18. The final states corresponding to the outputs in Fig. 17,

differential equations (2), such an attracting limit point has
a basin of attraction; namely, the union of all trajectories
converging to this point, Therefore, the state space of a
cellular neural network can be partitioned into a set of
basins centered at the stable system equilibrium points.

It follows that all four initial states in Fig. 13 are located
within the basin of the same stable system equilibrium

" point, which is shown in Fig. 15(b).

Our final goal in this section is to take a glimpse at the
effects on the choice of a dynamic rule for the cellular
neural network. Let us consider the initial condition shown
in Fig. 16. First, let us use the same dynamic rule de-
scribed by the cloning template in Fig. 8(a). The final state
at t=35 uS and its corresponding output of the cellular
neural network starting from this initial state are shown in
Figs. 17(a) and 18(a), respectively. Next, let us change the
dynamic rule by using the new cloning template shown in
Fig. 8(b). The final state at /=35 pS and its corresponding
output starting from the same initial state of Fig. 16 are
shown in Figs. 17(b) and 18(b), respectively. Although the
only difference between the two outputs shown in Fig. 18
oceurs in cell €(2,2), which have opposite values, we will
see in [1] that these two dynamic rules perform very
different functions when applied to image processing.

Generally speaking, a cellular neural network processes
signals by mapping them from one signal space into another
one, In our example, the cellular neural network can be
used to map an initial state of a system into one of many
distinct stable system equilibrium points. If we consider
the initial state space as [—1.0,1.0]¥*¥ and the output
space as { —1,1}™*¥ then the dynamical map F, can be
defined as

F:[=10,10]""% 5 (—1,1)}"*¥. (34)
This means that the map F can be used to partition a
continuous signal space into various basins of attractions
of the stable system equilibrium points via a dynamic
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process. This property can be exploited in the design of
associative memories, error correcting codes, and fault-
tolerant systems.

In general, the limit set of a complex nonlinear system is
very difficult, if not impossible, to determine, either ana-
lytically or numerically. Although, for piecewise-linear cir-
cuit, it is possible to find all dc solutions by using either a
brute force algorithm [19] or some more efficient ones [20],
[21], it is nevertheless very time consuming for large sys-
tems. For our cellular neural networks, in view of the
nearest neighbor interactive property, we can solve for all
system equilibrium points by first determining the stable
cell equilibrium states, and then using the neighbor inter-
active rules to find the corresponding system equilibrium
points.

As presented above, the dynamic behavior of a cellular
neural network with zero control operators ( B(i, j; k, 1) =
0) and nonzero feedback operators (A(i, j; k, 1)+ 0) is
reminiscent of a two-dimensional cellular automaron
[22]-{25]. Both of them have the parallel signal processing
capability and are based on the nearest neighbor interac-
tive dynamic rules. The main difference between a cellular
neural network and a cellular automata machine is in their
dynamic behaviors. The former is a continuous time while
the latter is a discrefe-time dynamical system. Because the
two systems have many similarities, we can use cellular
automata theory to study the steady state behavior of
cellular neural networks. Another remarkable distinction
between them is that while the cellular neural networks
will always settle to stable equilibrium points in the steady
state, a cellular automata machine is usually imbued with a
much richer dynamical behavior, such as periodic, chaotic
and even more complex phenomena. Of course, we have
tamed our cellular neural networks by choosing a sigmoid
nonlinearity. If we choose some other nonlinearity for the
nonlinear elements, many more complex phenomena will
also occur in cellular neural networks. These two models
will be compared in more detail in Section VII.

VI. MurLTILAYER CELLULAR NEURAL NETWORKS

We can generalize the single-layer cellular neural net-
work introduced in Section IT to a multilayer cellular
neural network. Instead of only one state variable in the
single-layer case there may be several state variables in
each cell of a multilayer cellular neural network. The
concept of multilayering emphasizes the interactions of the
state variables on the same layer. To avoid clutter, it is
convenient to use the convolution operator #, as defined
in Definition 3, in the following. Using the convolution
operator, we can rewrite (2a) as

= —R—un-_,-{.'}+ Asu, (t)+ By

x

+I

Cdu.ti_fl:r}
di' i j
l<isM; 1< j<N. (35)

Then, for multilayer cellular neural networks, the cell
dynamic equations can be expressed in the following com-

1269
pact vector form;
dun"{t}
C- ‘}'I =_F‘R_l'3xu[f:'+‘!'“yif'(f}+3‘u“ij+!'
1<isM;1<j<N (36)
where
Cl ﬂ 0 ‘Rlx 'j ﬂ
]
c= = :
0 ]
0 0 Cn il Rons
(37a)
4, 0 0 0 0
: il 0
A= IR
: 0
Am] Amn

=
=
=
I
=

0 0
B= | (37b)
0
ml Emm
Vysiy U1y Ui
ﬂxu’ i ”_r.r_,r‘ nm'_.l' i {3?{:)
ﬂllix” Umyij Umni_f
Iy
I=|: (37d)
I

and where m denotes the number of the variables in the
multilayer cell circuit. Here, the convolution operator »
between a matrix and a vector is to be decoded like matrix
multiplication but with the operator  inserted between
each entry of the matrix and of the vector.

Observe that C and R are diagonal matrices, whereas A
and B are block triangular matrices.

Remarks:

(a) For multilayer cellular neural networks, all of the
results presented in the previous sections still hold
with some minor modifications. The stability can be
proved from the bottom layer (layer 1) to the upper
ones by noting the block triangular structures of the
A and B matrices.

(b) Since there are several state variables in a cell cir-
cuit, we can choose multiple dynamic rules concur-
rently for the different state variables. This property
makes the network extremely flexible and allows us
to deal with more complicated image processing
problems,

(c) In addition to using multiple dynamic rules as men-
tioned in (b), we can choose different time constants
for the different state variables of the cell circuits.
As a limiting case, we can choose C, =0 for some
state variable v,,,,, thereby obtaining a set of dil-

ferential and algebraic equations. This property gives
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TABLE I
CoMPARISON OF THREE MATHEMATICAL MopELs Having

SPATIAL REGULARITIES
Muodel Cellular newral matwork | Punisl differential equasion | 3D cellular setomat
Eme conliseous conlEuous discreie
space discreis canlismous discreds
e valug real neal Bdnary mumber
dynamics nealincar Einear (for (38)) e lenear

us even more flexibility in the design of cellular
neural networks for practical problems.

VII. RELATION TO PARTIAL DIFFERENTIAL
EQUATIONS AND CELLULAR AUTOMATA

In general, cellular neural networks can be characterized
by a large system of ordinary differential equations. Since
all of the cells are arranged in a regular array, we can
exploit many spatial properties, such as regularity, sparsity
and symmetry in studying the dynamics of cellular neural
networks.

There are two mathematical models which can char-
acterize dynamical systems having these spatial properties.

" One is parrial differential equation, and the other is cellular

automata. Partial differential equation, cellular automata,
and our cellular neural networks share a common prop-
erty, namely, their dynamic behavior depend only on their
spatial local interactions. Our objective in this section is to

0y (Wh) = O.5R(|uy,, (mh) +1| = [n,,, (nk) - 1]),

identify the relationships between our cellular neural net-
works and these two mathematical models.

Consider a partial differential equation first. The well-
known heat equation from Physics is

3%u(x, y, 1) i u(x,p,1) 1 du(x, y,t) 55
dx? FpE e dr (38)
where k is a constant, called the thermal conductivity, The
solution, w(x, y,t) of the heat equation is a continuous
function of the time, , and the space variables, x and »
If the function u(x, y,t) is approximated by a set of
functions u, (¢), which is defined as
u,(t) =u(£hx,jh,,r] (39)
where h, and A, are the space interval in the x and ¥
coordinates, then, the partial derivatives of u(x, y,t) with
respect to x and y can be replaced approximately by
3*u(x, y,1) , Qulx,y,1)
dx? a yz

1
= E[“J;‘—l{f}"' "u+1(f)+ ul—lj{:}-l- u:+1_,r{'f)]
—u (1), foralli,j. (40)
Thus the heat equation can be approximately by a set of

equations
du () 1
3 -;’—I = E[":;‘—l{f}"' Uy (0) gy (0) + “|'+1_,'|:":]'I

~u,(t), foralli,j. (41)

Comparing (41) with (2), we see a remarkable similarity
between the two equations. They are both ordinary dif-
ferential equations with the nearest neighbor variables
involved in the dynamic rules. The important difference
between these two equations is that our cell equation (2) is
a nonlinear (piecewise linear) ordinary differential equa-
tion whereas (41) is a linear ordinary differential equation.

Consider next the relationship between our cellular neu-
ral network model and the cellular automaton model. The
two-dimensional cellular automaton is defined by [22]

a,(n+1) =¢[a,(n) for all C(k,1) € N,(i, j)]. (42)

If we discretize the time, t, in the cell equation (2) and let
Bi, f; k,Iy=0for all i, j, k and {, we would obtain

‘—j-[uﬂ-j((n +1)k) - r;lm.!-[nh]]
iF Ril’xf,r{"h}

ol R

Cik. Y& NI, §)

A{jr.j‘rkrf)ﬂyﬂ{”h)-'- ‘r’

l<isM;1<j<N (43a)
and

IsisM; 1< j<N. (43b)

After rearranging (43a) and substituting the resulting ex-
pression for v, .((n +1)/h) into (43b), we obtain
um-(n +1) = dn’[nx,_r-(n), B,(n) for all C(k, 1) € N.(i, Jr}}
(44)
where
Uyij (n) = Uy.r;{”h ), un'j( n) & Uxu‘( ni)

[0, (n), 0,4, for all C(k, 1) € N,(i, j)]
. 1

B |-
h

+z ¥

C (k.01 & NAi, 7))

(45a)

Um‘j("]

hI
and

1
g{z]=i{|z+l|—|z-l|}, {450]
Comparing (42) and (44), we can once again see a
remarkable similarity between them. The main difference
is that for cellular automata, the state variables are binary
value variables and the dynamic function is a logic funec-
tion of the previous states of the neighbor cells, whereas
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Fig 19. An op amp implementation of a simplified cell circuit of cellular neural networks,

for cellular neural networks, the state variables are real-
valued variables and the dynamic function is a nonlinear
real function of the previous states of the neighbor cells,

Our comparisons of the above three mathematical mod-
els are summarized in Table I.

VIII. CoNcLupiNG REMARKS

In this paper, we have proposed a mew circuit architec-
ture, called a cellular neural network, which can perform
parallel signal processing in real time. We have proved
some theorems concerning the dynamic range and the
steady states of cellular neural networks. We have also
used computer simulation to illustrate some dynamic prop-
erties of simple cellular neural networks. In view of the
nearest neighbor interactive property of cellular neural
networks, they are much more amenable to VLSI imple-
mentation than general neural networks. In spite of the
“local nature” of the nearest neighbor interconnections,
cellular networks are nevertheless imbued with some global
Properties because of the propagation effects of the local
interactions during the transient regime. In fact, in a
companion paper [1], this transien regime will be ex-

' ploited to show how our ability to analyze the “local”
- dynamics (via the dynamic route approach in [13]) will

allow us to steer the system trajectories into a configura-
| tion of stable equilibria corresponding to some global
pattern we seek to recognize. Indeed, our ability to control
the local circuit dynamies will stand out as one of the most
, desirable features of cellular neural networks. Further-
more, cellular neural networks have practical dynamic
- ranges, whereas, general neural networks often suffer from
2 severe dynamic range restrictions in the circuit imple-
' mentation stage. Since this paper represents the first study

on cellular neural networks, there are clearly many theoret-
ical and practical problems yet to be solved in our future
research on this subject. Nevertheless, some rather impres-
sive and promising applications of cellular neural nctwnrl_cs
to pattern recognition have already been achieved and will
be reported in a companion paper [1].

APPENDIX

The circuit in Fig. 15(a) is a simplified cell circuit
of cellular neural networks. It consists of the basic
circuit elements, namely, a linear capacitor C; a linear
resistor R,; a linear voltage controlled current source
LG, jik, 1)=A(, ji k, 1)v,: a subcircuit with the piece-
wise-linear function v,,; = 0.5 (|v,,, +1|= |v,;; ~ 1)).

One possible op amp implementations of the above
circuit is shown in Fig. 19(b). The voltage controlled
current source I (i, j; k, [) is realized by op amp A, and
resistors R;—R;. It can be shown that

Li, ji ko D) = RlenyH (46)
under the condition that
L i ] (47)

R, R,
The output resistance of I,,(i, J; k, 1) is infinite under this
condition (47). The piecewise-linear function Uy (0y) is
realized by op amps A,, A, and resistors R,- R, with the
constraint that
R;+R; R+ R,
R, R,

+|¥

el

(48)

where V__ is the voltage of the power supply.
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The two circuits in Fig. 19 are equivalent in the sense [19] L. O. Chua and P. M. Lin, Computer Aided Analysis of Electronic
that they have the same state and output equations.
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