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PROLATE RADIAL SPHEROIDAL WAVE FUNCTIONS
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PROGRAMSUMMARY

Titleofprogram: PRSWFN rangeof physicalapplications,andin particularin two-centre
systems. The package PRSWFN containssix subprograms

Catalognumber:ACEY which computethesefunctions of both the first and second
kind for anyargumentandaccuracy.

Programavailablefrom: CPC ProgramLibrary, Queen’sUrn-
versityof Belfast, N. Ireland(seeapplicationformin this issue) Methodof solution

The prolateradial spheroidalwave functionsR~
2~(c,~) are

Computer: FELIX C-256; Installation: University Computer calculatedby summingsphericalBesselseries, thecoefficients
Centre,Cluj-Napoca,Romania beingcalculatedseparately,oncefor all thevaluesof ~ first the

ratiosof two consecutivecoefficientsarecalculatedrecursively
Operatingsystem:SIRIS 2/3 and then the final values of the coefficients are obtained

througha normalizationprocedure[1].
Programminglanguageused: FORTRAN IV

Restrictionson thecomplexityof theproblem
The package can be in principle applied to calculate any

High speedstoragerequired: 10 Kwords (I 2)R,,il (c, ~). However, for high accuracy calculations of

Numberof bits in a word: 32 R~)(c, ~) with ~ close to unity and largem, the numberof
termsto beretainedin thesphericalBesselseriesbecomesvery

Peripheralsused: cardreader,line printer large,imposinglargestoragespaceandconsiderablecomputing
time.

Numberofcards in combinedprogram and testdeck: 570 Typicalrunning time
For ~= 1.077, c 0.1, ERRB l0—~the numberof termsin

Card punchingcode: EBCDIC theR~)(c,E) seriesis 52. Therun of this casetook7.7 s, from
which about90% of the time wasdedicatedto the calculation

Keywords:generalpurpose,two-centreframe, radial spheroidal of thecoefficients.The test run took about9 mm.
wave functions,expansion,Besselfunctions

Reference
Natureofphysicalproblem [1] C. Flammer, Spheroidalwave functions (Stanford Univ.
Theprolateradial spheroidalwave functionsappearin a wide Press,Stanford,1957)(Russiantranslation,1962).

* Now at Universityof Bucharest,Departmentof Physics,Bucharest-Magurele,Romania.
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LONG WRITE-UP

1. Introduction

The prolate radial spheroidal functions are basic to the solution of the free wave scatteringin a
two-centreframeof reference.Thenaturalcoordinatesin this symmetryare = (r~+ r2 )/d, ~j = (r~— r2 )/d
and p, wherer~and r2 are the distancesfrom the currentpoint to the centresseparatedby d and~ is the
rotation angleaboutthe axis of centres.If oneassumes~, ij and the wavenumberk real and writes the
solution to the waveequation(V

2 + k2)4 = 0 as = Smi(C,1~)Rmi(C,~)~~(mq) oneobtainsthe radial
equation:

~[(E2_ 1)~Rmi(C,~)J- {Xmi 2~2~ ~2

1]Rmt~~ fl0, (1)

where c kd/2 and Xmj are the separationconstants(or eigenvalues)determinedso that RmI(C, ~) are
finite at E = ±1. The solution of (1) is the prolateradial spheroidalfunction,which is oftenencounteredin
scatteringproblemsdescribingthe long-rangepart of the systemwave function.An exampletaken from
atomic physicsis the scatteringof electronsandpositronsby diatomic molecules.

2. The calculation of R~j
2~(c,~)

The solution of eq. (1) canbe written [1] as a sphericalBesselseries:

R~/(c = - 1 )~/2 ~ (2m+ r)! dm/(c)] f, ~r÷m~i(2m+ r)! d~’(C)Z~f~r(C~) (2)
r=0,I

where

— Jj,n+r(~) forp= 1,
Zm+r

~Y,n±r(~,E) forp=2,

withj~andy,~theBesselsphericalfunctionsof the first andsecondkind. Thesummationsin (2) imply only
termswith evenr when1—m is evenand only termswith odd r for old / — m.

The coefficientsd,mt(c) of the Besselseries(2) can be calculatedfrom the recurrencerelation(3.1.4) in
ref. [1] or as ratios of the form:

d7~’ (2m±2r— l)(2m+2r+ l)N~ (r~2) (3)

d~
2 (2m+r)(2m+r—l)c

2 ‘

wherethe factorNrm canbe calculatedfrom:

i~im — m~ ~
~ ,n/ Pr / r

~_ ,,1~ ~.rrn forr~1—m,~ 2 — YO ml’ 3 — Yl ml

~ forr>1—m, (6)
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whereyrn and /37 are expressedas:

Yrm (m+r)(m+r+ l)+~c2{l —(4m2—1)/(2m+2r— 1)(2m+2r+3)] (r>_0), (7)

/37 = r(r — l)(2m + r)(2m + r — 1)c4/(2m+ 2r— l)2(2m+ 2r — 3)(2m+ 2r+ 1) (r~2). (8)

The eqs.(4) and (6) can also be expressedas continuedfractions:

N7+
2=Y7~Xmi~ m m $r-2 — (r~<1—m), (9)

Yr—2 ml Yr—4 ml

N’~2— m flr+2 m /~r+4 m (r>l—m) (10)
Yr+~ mt Yr+4 ml Yr+6 ml

The eigenvalueXmi is thesolution of the transcendentalequation

U(Xmi) = Ui(Xmi) + U2(Xmi) = 0, (11)

where

am
rT(~ \~m ~ — ~l—m Pl—m—2
~‘1’~ ml) — 1—rn ml m — — m — I —

‘f/—,n-—2 “ml Yl—m—4 ml

and

pm pm
(~ \ — —

1”/—m+2 1’l—m+4 13
2\ ml.~ m — A —

‘fl—rn+2 ml Y/-.m+4 ml

It canbe calculatedas a powersseries

Ami(C)=~L~C2k, (14)
k

wherethe coefficientshavearather complicatedform (eqs. (3.1.18)—(3.1.23)in ref. [1]). The valueof Amj

obtainedfrom (11) or from (14)can befurther refined by taking into accountthe correction

mI[UI(~U

2(~)}/t1+ + $l-rn~-m-2 2+...1

i-rn) ( i-m) ( !-m-2)

I arm \2 ~~ym \2 ( ~.j

~ l—pn+21 ~ Y l—m+2) ~ l—m+4) i
pm pm pm
Pl—m+2 Pl—,n+21”l—m+4

The coefficients d~(c) of the Bessel series (2), given by the above procedure, are correct to a
multiplicative constant,which can be determinedby imposing a normalizationcondition. Flammer [lJ
proposedthe following normalizationscheme:

~ (_lY~
2(r+2m)!dml (1)(1+m~ forevenl—m, (16)

r=o
2nI!i~,[~~2m~, r

\21\ 2 1 \ 2 )~\ 2 J~
(— l)~~

2(r+ 2m + ~ d~1= ~ l)(1_m_~2(l+ m + ~ for odd1—rn. (17)

~2)~ 2 / k 2 /~ 2 /
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3. Codedescription

Thepackageconsistsof 6 subprogramswhich mustbe calledfrom the main programin the following
sequence:VALPROP, COEF, NORM, FFACT, RI and R2. The first 3 subroutinescalculate the
eigenvalueXmi(C) andthen the coefficientsd71(c).The last 3 subprogramsare of FUNCTION type and
calculatefactorials,andprolateradial spheroidalfunctionsof first andsecondkind, respectively,employ-
ing the coefficientsstoredin vector form. Although this procedurecan requireconsiderablestoragespace
(asthe numberof termsin (2) canbelarge) it hasthe advantageof savingcomputingtimewhenonehasto
calculateR~(c,~) for manyvaluesof ~ this is particularly thecasewhenonehasto employ the functions
R~~(c,E) in numericalintegrationson the ~coordinate.

We shall now give a fewdetailson the way the subprogramswerewritten.

3.1. VALPROP

As we alreadymentioned,the eigenvalueAmj (c) can be obtainedby solving eq. (11) or by using the
expansion(14), followed in either way by the refinement (15). We found, however, that it is mostly
convenientto use as a starting value in the refinement procedureonly the first term of (14), that is
Ami = 1(1 + 1), followed by a proceduremorerapidly convergentthan the iterativeuseof (15): we took at
the beginningonly a smallnumberof termsin theexpansion(15) andwe usedit to refineAmi iteratively to
the desiredaccuracyERRV; thenwe repeatedthe refinementwith anincreasednumberof termsin (15),
employingas starting value the lastvalue of Ami. The calculationendswhen for a particularnumberof
termsin (15) onearrivesat the accuracyERRV aftera singleiteration.Our methodis showngraphicallyin
fig. 1. The power seriesexpansion(14) is, however,not appropriatefor c> 4. For thesevaluesof c we
employedthe asymptoticexpansion(21.7.6)of ref. [2].

3.2. COEFandNORM

The calculationof the coefficientsd71(c) by the recurrencerelation(3.1.4) of ref. [1] is not convenient
sinceit becomesunstableas r increases.Wehavethereforeusedthe eqs.(3)—(10) to obtain coefficientsto
an accuracyERRD. The normalizationscheme(16) and (17) was then applied in subroutineNORM to
give the final valuesof thecoefficients.Becausethe coefficientsareextremelysmall for largevaluesof r, we
employeda vectorD to storethe mantissaeof the coefficients,while a secondvector ORD was used to
storethe ratios of the ordersof magnitudeof eachtwo consecutivecoefficients.

• -
___~~-~~ —-——- A(N2)

final value/ of

~(r~1)

Nr. iterations

Fig. I. Themethodusedin thesubroutineVALPROP to determineX,,,,(c); X(N,) is theeigenvalueobtainediteratively with .N~terms
in theexpansion(15) and]V.

4. = (i = l~2,...).
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While the functionsR~(c,~)given by (2) convergeto any accuracyafter summinga small numberof
terms(for ERRB = 10_6 the numberof termsis typically between3 and 8), the functions R~l(c, ~) are
slowly convergent,implying a fairly large numberof termsand hencecoefficients. COEF and NORM

10_il io_8 ERRB ,o~ io_21000 i.dos i.bi 1.~5 1.02

800 .

NT2~l~~

Fig. 2. The variationof NT2 with differentparameters: with ~ (m =1=0, c= 0.1, ERRB=10
4); — — — with m(1=3,

E=1.005, c=l., ERRB=l04); —— with I (m=0, ~=l.005, c=l., ERRB=l04); with ERRB (1=m=0, c=1.,
= 1.077).

requireNIT, an estimateof this number,which dependson the valuesof the relativeaccuracyERRB and
of the arguments1, m, c, ~ (see fig. 2). The subroutinesare called from the main programwith the
instructions:

CALL ~ (NIT, D, ORD).

3.3. Ri andR2

Thesefunctionscalculatethe series(2) giving R~,9(c,~) andR~)(c,~),respectively.They employ the
coefficientsprovidedby NORM. The sphericalBesselfunctionsof thefirst kindj~werecalculatedwith the
seriesexpansion[2]:

( — Zn Ji — 22/2 + (22/2)2 — 18
j~ z)— 1 X3X5...(2n+ 1) ~ l!(2n+3) 2!(2n+3)(2n+5) ...~, ( )

to an accuracyERRB, while the sphericalBesselfunctionsof the secondkind wereobtainedby employing
the recurrencerelation:

y~
1(z)+y~÷1(Z)= (2n + l)z~y~(z), (19)

with the initial functions:

y0(Z)= —cos(z)/z and y1(z)= —cos(z)/z
2—sin(Z)/z.

The functions RI and R2 end when the relative accuracyERRB is achieved; the number of terms
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correspondingto this situation is storedin NTI and NT2, respectively,and canbe printed in the main
program.Whenthevalueof NIT for someparticularsetof parametersis smallerthan the numberof terms
requiredby ERRB a messageis printed indicating that the correspondingradial spheroidalfunction was
calculated with an accuracy poorer than ERRB. The functions appear in the main program as:

(XI, NIT, D, ORD) whereXI correspondsto ~.

3.4. The COMMONblock SF

The COMMON block containsthe following variables:

L, M, C the parametersin Rmi(c, ~),

LM = L — M,
RI anintegervariablecontaining0 for evenLM and I for odd LM,
VAL realvariable correspondingto Xmj(C),

ERRB,ERRV, ERRD, realvariablescorrespondingto the accuraciesmentionedalready,
NTI, NT2 integervariablescontainingthe numberof termsin the series(2) of R~,9(c,~) andR~)(c,~),
respectively,for which theaccuracyERRBcan be achieved.

ThecoefficientvectorsD arid ORD werenot includedin theCOMMON blockbecauseof theparticular
featuresof our system, but this proceduremight be requiredwhen the packageis usedon different
computers.

3.5. Input andoutput in the mainprogram

The mainprogramhasto attributevaluesto the following variables:ERRB,ERRV, ERRD, NIT, L, M,
C, XI. Exceptfor XI, whichcontainsthe valueof ~, all the othervariableshaveto bedefinedbeforecalling
thesequenceVALPROP, COEF, NORM. ThenthefunctionsRl andR2will provide the radial spheroidal
functionsfor different valuesof XI.

In additionto the valuesof R~2~(c,~),in the main programcan also be printed the values of the
eigenvaluesstoredin VAL, of the coefficientsfrom the vectorsD and ORD of dimensionNIT and the
valuesstoredin NTI andNT2.

4. Test deck and accuracychecks

The test deck contains a main program which calls the subprogramsfor / = 0(1)3, m = 0(1)/ and
c = l.(l.)5., ~= 1.005, 1.02, 1.044, 1.077andlists the resultsin a tabularform, that is easyto comparewith
thetablesalreadyexistingin the literature[1,21.The programis given in singleprecisionand all the error
variableshavethe value 10 6~This precisionis sufficientin someapplicationsas it gives about4 accurate
figures.Correspondingto ERRB = lO_6 themaximumnumberof termsfor the parametersusedin thetest
run is NT2MX = 1379; this numbercorrespondsto .f = 1.005 andM = L = 3. In order to show themessage
which indicatestoosmalla valueof NIT, weemployedin the testrun NIT = 1370andtheoutputwill show
the messagefor M = L = 3 andeachvalueof c.

ThetestprogramcalculatesNIT = 1370 coefficientsfor all the combinationsm, 1, c, althoughNT2MX,
given for eachcombinationin the lastcolumn of the output, is, except for M = L = 3, smallerthanNIT.
The differencein the executiontimedueto the calculationof the unnecessarycoefficientsis, however,very
small.
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Fig. 2 helpsthe userto guessthe choiceof NIT by providingsomeinformation on how the valueof NT2
varies with different parameters.It can be seenfrom fig. 2 that NT2 increasesrapidly as ~ —‘ 1, the
variationwith m is almostlinearandthe variationwith I is relativelysmall. On theotherhandthe variation

of NT2 with c is verysmall (seethe testrun output for the variation of NT2MX with c).
The accuracyimplied by ERRB= 10_6 was found satisfactoryby the presentauthors.However, if one

desiresa betteraccuracyonehasto employ lowervaluesof ERRB, ERRV, ERRD, andonehasimplicitly
to run the routinesin doubleprecision.To do this onehas to includeat the beginningof the routinesthe
following statements:

ABS(X) = DABS(X) in VALPROP, COEF, RI and R2,
INT(X)= IDINT(X) in VALPROP, NORM, Rl, R2,
FLOAT(I) = DFLOAT(I) in FFACT,
SIN(X) = DSIN(X) andCOS(X)= DCOS(X) in R2.

The decreasein ERRB,ERRV andERRD doesnot influencethe resultssignificantly.The variationof
NT2 with ERRB dependson the valuesof the otherparameters;for instancein the caseof ~ = 1.077,
/= m = 0, thevariationof NT2 is aboutlinearwith theorder of ERRB, (fig. 2), while as —* I thevariation
becomesmuch faster. For ~ — 1, very small valuesof ERRB and largem, NT2 can becomevery large,
implying large storagespace for the vectors D and ORD and a considerableincreasein the computing
time.

References

[11 C. Flammer,SpheroidalWave Functions(StanfordUniv. Press,Stanford,1957)(Russiantranslation,1962).
[2] Handbookof MathematicalFunctionswith Formulas,Graphsand MathematicalTables,eds.M. Abramowitzand l.A. Stegun
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