
Laplace's Equation

In a Rectangle

Example 1

Clear@a, b, A, B, n, u, x, yD;
a = 1;
b = 1;
f1@x_D = 100;
f2@x_D = 500;

λ@n_D =
n π

a
;

A@n_D =
2

a
‡

0

a
f1@xD Sin@λ@nD xD Åx;

B@n_D =
2

a
Ÿ0

af2@xD Sin@λ@nD xD Åx − A@nD Cosh@λ@nD bD

Sinh@λ@nD bD
;

u@x_, y_, n_D := ‚
i=1

n

Sin@λ@iD xD HN@A@iDD Cosh@λ@iD yD + N@B@iDD Sinh@λ@iD yDL



Plot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<D

Needs@"BarCharts`"D; Needs@"Histograms`"D

ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25D;

ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25, ShadowPosition → 1D;

2 laplace_equation[1].nb



ContourPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, FrameLabel → 8"x", "y"<D

laplace_equation[1].nb 3



DensityPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<,
ColorFunction → HHue@0.5` + Ó1D &L, PlotPoints → 50, Mesh → False,
FrameLabel → 8"x", "y"<D

4 laplace_equation[1].nb



Example 2

Clear@a, b, A, B, λ, n, u, x, yD;
a = 1;
b = 1;

λ@n_D =
n π

a
;

A@n_D =
2

a
‡

0

aê2
2 x Sin@λ@nD xD Åx + ‡

aê2

a
2 H1 − xL Sin@λ@nD xD Åx ;

B@n_D =
2

a
IŸ0

aê22 x Sin@λ@nD xD Åx + Ÿaê2
a 2 H1 − xL Sin@λ@nD xD ÅxM − A@nD Cosh@λ@nD bD

Sinh@λ@nD bD
;

u@x_, y_, n_D := ‚
i=1

n

Sin@λ@iD xD HN@A@iDD Cosh@λ@iD yD + N@B@iDD Sinh@λ@iD yDL

Plot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<D

Needs@"BarCharts`"D; Needs@"Histograms`"D
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ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25D;

ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25, ShadowPosition → 1D;

ContourPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, FrameLabel → 8"x", "y"<D

6 laplace_equation[1].nb



DensityPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<,
ColorFunction → HHue@0.5` + Ó1D &L, PlotPoints → 50, Mesh → False,
FrameLabel → 8"x", "y"<D

laplace_equation[1].nb 7



Example 3

Clear@a, b, A, B, λ, n, u, x, yD;
a = 1;
b = 1;

λ@n_D =
H2 n − 1L π

2 b
;

A@n_D =
2

a
‡

0

a
Cos@λ@nD yD Åy;

B@n_D =
−A@nD Cosh@λ@nD aD

Sinh@λ@nD aD
;

u@x_, y_, n_D := ‚
i=1

n

Cos@λ@iD yD HN@A@iDD Cosh@λ@iD xD + N@B@iDD Sinh@λ@iD xDL

Plot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<D

Needs@"BarCharts`"D; Needs@"Histograms`"D

8 laplace_equation[1].nb



ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25D;

ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25, ShadowPosition → 1D;

ContourPlot@u@x, y, 10D, 8x, 0, a<, 8y, 0, b<, FrameLabel → 8"x", "y"<D

laplace_equation[1].nb 9



DensityPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<,
ColorFunction → HHue@0.5` + Ó1D &L, PlotPoints → 50, Mesh → False,
FrameLabel → 8"x", "y"<D

10 laplace_equation[1].nb



Example 4

Clear@a, b, A, B, λ, n, u, x, yD;
a = 1;
b = 1;

λ@n_D =
n π

a
;

B@n_D =
2

a Sinh@λ@nD bD ‡
0

a
Cos@λ@nD xD Åx;

u@x_, y_, n_D := ‚
i=1

n

HCos@λ@iD xD N@B@iDD Sinh@λ@iD yDL +
y

b

Plot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<D

Needs@"BarCharts`"D; Needs@"Histograms`"D

ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25, SurfaceMesh → False,
ShadowMesh → FalseD;
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ShadowPlot3D@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, AxesLabel → 8"x", "y", "u"<,
ColorFunction → HHue@.5 + ÓD &L, PlotPoints → 25, ShadowPosition → 1D;

ContourPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<, FrameLabel → 8"x", "y"<D

12 laplace_equation[1].nb



DensityPlot@u@x, y, 5D, 8x, 0, a<, 8y, 0, b<,
ColorFunction → HHue@0.5` + Ó1D &L, PlotPoints → 50, Mesh → False,
FrameLabel → 8"x", "y"<D

laplace_equation[1].nb 13



In a Disk

Example 1

Clear@c, f, A, B, v, r, θ, nD;
c = 1;
f@θ_D = Abs@θ ê 2D;

A0 =
1

2 π
‡
−π

π
f@θD Åθ;

A@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

B@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

v@r_, θ_, n_D := A0 +‚
i=1

n

IN@A@iDD ri Cos@i θD + N@B@iDD ri Sin@i θDM

Needs@"BarCharts`"D; Needs@"Histograms`"D

Needs["Graphics`ParametricPlot3D`"]

polar = RevolutionPlot3D@v@r, θ, 5D, 8r, 0, 1<, 8θ, −π, π<D;

Shadow@polar, XShadow → False, YShadow → FalseD;

14 laplace_equation[1].nb



Example 2

Clear@c, f, A, B, v, r, θ, nD;
c = 1;
f@θ_D = −Exp@θ ê 2D;

A0 =
1

2 π
‡
−π

π
Cos@θD Åθ;

A@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

B@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

v@r_, θ_, n_D := A0 +‚
i=1

n

IN@A@iDD ri Cos@i θD + N@B@iDD ri Sin@i θDM

Needs@"BarCharts`"D; Needs@"Histograms`"D

Needs["Graphics`ParametricPlot3D`"]

polar = RevolutionPlot3D@v@r, θ, 5D, 8r, 0, 1<, 8θ, −π, π<D;

Shadow@polar, XShadow → False, YShadow → FalseD;
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Example 3

Clear@c, f, A, B, v, r, θ, nD;
c = 1;
f@θ_D = −Log@θD;

A0 =
1

2 π
‡
−π

π
Cos@θD Åθ;

A@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

B@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

v@r_, θ_, n_D := A0 +‚
i=1

n

IN@A@iDD ri Cos@i θD + N@B@iDD ri Sin@i θDM

Needs@"BarCharts`"D; Needs@"Histograms`"D

Needs["Graphics`ParametricPlot3D`"]

polar = RevolutionPlot3D@v@r, θ, 5D, 8r, 0, 1<, 8θ, 0, 2 π<D;

Shadow@polar, XShadow → False, YShadow → FalseD;

16 laplace_equation[1].nb



Example 4

Clear@c, f, A, B, v, r, θ, nD;
c = 1;

f@θ_D = 2 ExpA−Hθ − πL2E;

A0 =
1

2 π
‡
−π

π
Cos@θD Åθ;

A@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

B@n_D =
1

π cn ‡
−π

π
f@θD Cos@n θD Åθ;

v@r_, θ_, n_D := A0 +‚
i=1

n

IN@A@iDD ri Cos@i θD + N@B@iDD ri Sin@i θDM

Needs@"BarCharts`"D; Needs@"Histograms`"D

Needs["Graphics`ParametricPlot3D`"]

PlotA2 ExpA−Hθ − πL2E, 8θ, 0, 2 π<E
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polar = RevolutionPlot3D@v@r, θ, 5D, 8r, 0, 1<, 8θ, 0, 2 π<,
ViewPoint → 82.422`, 1.341`, 1.945`<D;

Shadow@polar, ViewPoint −> 82.422, 1.341, 1.945<, XShadow → False,
YShadow → FalseD;

18 laplace_equation[1].nb


