The Burgers and KDV Equations

I The Burgers Equation- Exact Solution

The solution of Burgers equation with a delta function as an initial
condition is obtained most easilt by applying Plot to the expression
in Equation

Dlu[Xx, t], t] + u[x, t] D[u[Xx, t], x] -D[u[x, t], {x, 2}] =0

We first check that this expression does in fact solve Burgers'
equation:

ingsl:= | UlX_, €. 1=(2/((1/(EN(1/2)-1)) +
(1/2) Erfc[x/Sqrt[4t]])) *
(EXp[-X"2/ (4t)] /Sqrt[4Pi t])
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inf92]:= | DIu[x, €], €] +u[X, €] D[u[x, t], X] -
Dlulx, €], {X, 2}] =
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In[93]:= Together[D[u[Xx, t], t] +u[x, t] D[u[x, t], X] -
Dlu[x, €], {X, 2}1] /- Sqrt[Pi t] -> Sqrt[Pi] Sqrt[t]

out[93]= | 0

This solution is displayed for various times with the commands
shown below. Once generated, the sequence can be animated.

neai= | Manipulate[Plot[u[x, 0.025 % K], {X, -3, 3},
PlotRange - {0, 2},

Ticks -» {Automatic, Range|[O, 2, 1]},
AxeslLabel - {x, u}], {k, 1, 40}]

<)

out[94]=
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out[55]=

This diagram is generated by plotting the function u[x,t] for the
indicated times:
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infse:= | Plot[{u[x, 0.08], u[x, 0.2], u[x, 11}, {x, -3, 3},
PlotRange -> {0, 1}, AxesLabel -> {Xx, u}]

out[56]=

I Elementary Soliton Solutions

The two panels of this figure are generated by first constructing
the soliton and anti-soliton solutions in (9.54) and (9.55) and then
using Plot to produce the line plots. The velocity has been set
equal to 1/2.

In[57]:= ‘ phil[x_,t ,v_]:=4ArcTan[Exp[(x-v t)/Sqrt[1-v™2]]]

In[58]:= ‘ phi2[x_,t _,v_]:=4ArcCot[Exp[(x-V t)/Sqgrt[1-v™2]]]
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In[59]:=

out[59]=

In[60]:=

out[60]=

Plot[phil[x,0,1/2],{X,-10,10},AxesLabel-={Xx,phi}]
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Plot[phi2[x,0,1/2],{X,-10,10},AxesLabel-={Xx,phi}]
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I Traveling wave solution for KDV-Burgers equation

The form of compound KdV-Burgers equation involving nonlinear
and dissipation effects is:

D[u[x, t], t] + au[x, t] D[u[x, t], x] +Bu[x, t]°> D[u[x, t], x]+v-
Dlu[Xx, t], {x, 2}] -6D[u[x, t], {x, 3}]=0

Solving the above set of equations by using the Wu elimination
method we can obtain the following solutions

In[61]:= | Clear["Global %"];

In[62]:= E=A%x (X-kx*xt+Cp)

out[62]= A (-kt+x+Cp)

inte3):= | @[€_1 1= Sum[Sin[w[€]]1"" * (Bi »Sin[w[E]] + Aj * COS[w[E]]) + Ao, {i, 1}]

infe4]:= | ©[&_]

outfea]= | Ao+CoS[w[E 1] A1 +SiIn[wl[E_]] By

infe6]:= | @[€]

out[e]= | Ao+CosS[w[A (-KEt+X+Cp)]] A1 +SIin[wx (-kt+x+Cp)]] B1

inf67]:= | @w"[§] :=Cos[w[€&]]

tlw[E]] =Dt[p[&], t, Constants » {Ag, A1, B1, A, k, Co}] /-
{w"[€] » Cos[w[E]], Dt[x, t, Constants » {Ag, A1, B1, A, k, Co}] » 0}

In[68]:=

KACos[w[XA (-kt+X+Co)]] SIN[w[XA (-KEt+X+Cq)]] AL -
kxCos[w[X (-kt+x+Cqy)]]%Bs

out[68]=

In[65]:= | ufx_, t.] :=¢[€&]
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In[69]:=

out[69]=

In[70]:=

out[70]=

In[71]:=

out[71]=

X1[w[€]] =Dt[e[£], X, Constants » {Ag, A1, B1, A, k, Cp}] /.
{w"[€] » Cos[w[&]], DE[t, X, Constants » {Ag, A1, B1, A, k, Cg}] » O}

-ACoS[w[A (-kt+X+Cp)]] SIin[w[A (-Kt+X+Co)]] Ay +
ACos[w[X (-kt+x+Cgy)]]%2B1

X2[w[€]] =
Collect][
Dtle[&], {X, 2}, Constants » {Ag, A1, B1, A, k, Cp}] /-
{w"[€] » Cos[w[E&]],
Dt[t, {X, 2}, Constants » {Ap, A1, B1, A, k, Co}]1 »0} /.
{w"[&] » Cos[w[&]], DE[t, X, Constants » {Ag, A1, B1, A, k, Co}] »
0} /- {w"[£] »Cos[w[&]],

Dt[e[&], {X, 2}, Constants -» {Ag, A1, B1, A, k, Cp}] -0} /.
Sin[w[€]]17"3 > Sin[w[&£]] -Sin[w[£]] *Cos[w[E]]1"2,
{Sin[w[€]1"M(_:1) Cos[w[E]]N(_:1),

Cos[w[€]1MN(_:1) SIN[w[E]1]1™N(_=1)}] /- Sin[w[§]]1"2>1-Cos[w[£]]1"2

~22Cos[wlA (-kt+x+Co)]]3A; +
A2 Cos[w[A (-kt+x+Cp)]] (1-Cos[w[A (-kt+x+Co)]]?) Ap -
222Cos[wlA (-kt+x+Co)]]%2Sin[w[A (-kt+Xx+Co)]] B

x3[w[&]] =
Collect|[
Dt[e[£], {X, 3}, Constants -» {Ag, A1, B1, A, k, Co}] /-
{w"[€] » Cos[w[&]],
Dt[t, {X, 3}, Constants -» {Ag, A1, B1, A, k, Cg}] » 0} /.
{w"[€] » Cos[w[€]],
Dt[t, {X, 2}, Constants -» {Ag, A1, B1, A, k, Co}] »0} /.
{w"[&] » Cos[w[&E]], DE[t, X, Constants » {Ag, A1, B1, A, k, Co}] »
0} /- {0"[£] » Cos[w[€]],
Dt[e[€], {X, 2}, Constants -» {Ag, A1, B1, A, k, Cg}] -0} /.
Sin[w[€]1]17"3 > Sin[w[&£]] -Sin[w[&]] *Cos[w[E]]1"2,
{Sin[w[€]1"M(_:1) Cos[w[&€]1™N(_:1),
Cos[w[€1]1M(_:-1) Sin[w[€]]1™N(_:1)}] /-Sin[w[§]]"2->1-Cos[w[§]]1"2

-3 Cos[w[A (-kt+Xx+Cp)]] Sin[w[A (-kt+x+Cqo)]] A+

6% Cos[w[A (-kt+x+Co) 113 Sin[w[X (-kt+x+Co)]] A1 -

223 Cos[w[A (-kt+x+Cp)]]%By +

433 Cos[w[A (-kt+x+Cp)]]? (1-Cos[w[A (-kt+x+Co)]]?) By
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inf72:= | eq[w[€]] = t[w[E]] +P*@[E] *XL[w[E]] +q* (@[£]) "2*xX1[w[&]] +
r«Xx2[w[€]] -S *X3[w[E]]

out[72]= | kKA Cos[w[A (-kt+x+Cp)]] Sin[w[X (-Kt+x+Co)]] As-
kxCos[w[x (-kt+x+Cp)]1%Bg -

s( A3 Cos[w[A (-kt+X+Co)]] Sin[w[A (-kt+Xx+Cq)]] A+

6 23Cos[w[A (-kt+Xx+Cg)113SIin[w[X (-kt+Xx+Cpo)]] Aq -

223 Cos[wlA (-kt+x+Co)]]%By+

433Cos[w[A (-kt+x+Co)]]% (1-Cos[w[A (-Kt+x+Cop)]]?) By) +
p (-rCos[w[A (-kt+x+Co)]]

SinfwA (-kt+x+Co)]] Ay +
ACos[w[X (-kt+x+Co)]]1%By)
(Ag +Cos[w[A (-kt+X+Co)]] AL +Sin[w[A (-kt+Xx+Cg)]] B1) +
q (-rCoslw[A (-kt+x+Co)]] Sin[w[A (-kEt+x+Co)]] Ap+
ACos[w[A (-kt+x+Co)]]%By)
(Ag +Cos[w[X (-kt+X+Co)]] A1 +SIin[w[A (-kt+x+Cg)]] B1)2+
r(-22Cos[w[x (-kt+x+Co) 13 A+
A2 Cos[w[r (-kt+x+Co)]] (1-Cos[w[A (-kt+x+Co)]]%) Ar-
222 Cos[w[x (-kt+x+Co)]1%Sin[w[A (-kt+x+Co)]] By)

In[73l:= | vect =

Collect[eq[w[&]], {SIN[w[£]]1"N(_:1) *xCos[w[€]]1"N(_:1),
Sin[w[€]1™M(_:1), Cos[w[&]1™M(_=1)}] /-

Sin[w[§]]1"2->1-Cos[w[E]1]"2

out[73]= | rA?Cos[w[A (-kt+Xx+Cp)]] Ay +CoS[w[A (-kt+x+Cp)]]

Sin[w[X (-kt+x+Co)]] (KAAL+SX3 A -pAAgAL-qAAFAL) -

grCos[w[A (-kt+Xx+Cp)]] Sin[w[A (-kt+x+Co)]13A; B+

Cos[w[A (-kt+x+Co)]1% (-kAB1-452®B; +pAAgB1+gAATBy) +

Cos[w[A (-kt+X+Cq)]]

(1-Cos[w[A (-kt+x+Co)]]%) (-pAALB1-20AAgALBy) +
COS[oJ[A(—kt+X+C0)]]3(—2rA2A1+p)LAlBl+2qAAQAlBl)+

Cos[w[A (-kt+x+Co)]]* (6523By+qAATBy) +

Cos[w[X (-kt+x+Cp)]12Sin[w[A (-kt+x+Co)]]
(-PAAT-2qAAgAT-2r 22B; +pABf+2qAAgBE) +Cos[w[A (-kt+x+Co)]]3
Sin[w[x (-Kt+Xx+Co)]] (-6523A; -qAA]+2q 1A BE) +

Cos[w[A (-kt+x+Co)]]% (1-Cos[w[A (-kt+x+Co)]]2) (-2qAAFBy +q2B})
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In[74]:= | vectl =

Collect[vect /. {SIin[w[E]]1"3 > SIiN[w[&]] -SIN[w[&]] *Cos[w[E]] "2},
{Sin[w[€]1"M(_:1) *Cos[w[E]]™N(_:1), Sin[w[&]]1™N(_:1),
Cos[w[€]11M(_:1)}]

outi74]= | Cos[w[A (-kt+x+Co)]] (ra®AL-prA;B;-20gAAgALBy1) +

Cos[w[A (-kt+Xx+Co)]1% (-2r 22 A1 +2p XA B1+4qaAg AL By) +
Cos[wl[A (-kt+x+Cgp)]12Sin[w[A (-kt+x+Co)]]
(-PAAT-2qAAAT-2r 22 B +p ABf +2q A AgBE) +

Cos[w[A (-KEt+X+Cp)]] SIin[w[A (-KEt+Xx+Cp)]]

(kAAL+s X3 A1 -pAAGAL-gAATA - AL BY) +Cos[w[A (-kt+x+Co)]]3
Sin[w(A (-Kt+x+Co)]] (-65A3A; -qAA} +3 A BE) +

Cos[w[X (-kt+Xx+Co)]]* (6s2®By +3qAAF By -qABS) +

Cos[w[A (-kt+Xx+Cg)]]%
(-kxBy-4sx®B; +pAAgBy +qAAZB; -2q A% By + 2B}

in[7s]:= | s1=Collect[(ra®A;-pAAi1Bi-2qAAALB1) / (AxAy) //Simplify, {p, q}]

Out[75]= ra-pB;-2qAyB;

In[76]:= S2 = Collect[( 2ra? A1+2plA1 Bl+4C])LAO A1 Bl)/()L*Al) // Simplify, Q]

Out[76]= —2r/\+2p81+4quBl

s3 = Collect[(-pAAT-2qAAAT-2r By +pABi+2qAAsBY) /(1) //
Simplify, {q, p}]

In[77]:=

s4 = Collect| (KAAL +SA3 A -pAAg AL -qAAG AL - A BE) / (Q) // Simplify,
{d, p}]

In[78]:=

out[78]= k+sA2 A1 -pAg AL +qAL (—A(Z)-Bﬁ)

inf7o1:= | s5=Collect[(-6s2%A;-qAA] +3qAABE) / (AxAy) // Simplify, q]

outf79]= | -6s 2%+ q 2.3 B%)

out[77]= | -2rABi+p <—A%+B%> +q <—2AQA%+2AO B%)
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In[80]:= = (6s2®By+3qAA?By-qAB}) / (A+By) // Simplify

outjgo]= | 6s22+3qA?-qB?

ing1):= | s7= (-kAB1-4SA®Bi+pAAgB1+qAASB1-2qAAZBL+qABS) / (A%By) //

Simplify

outisr]= | -k-4s2%+pAg+qAS-20qAZ+qB?

In[82]:= vect = {sl, s2, s3, s4, sb, s6, s7} /. {A;1 » 0}

{ra-pB1-2qAoBi, -2r1+2pBy+40AgB1, -2r ABy+pBf+2qABf,
0, -6s1*+3qBf, 6s2°-qBf, -k-4s2%+pAs+qAj+qBi}

out[82]=

infs3):= | soll = Solve[vect[[6]] == 0, B;]

out[83]= ‘

V6 /s A V6 /s A
{Bio- N I {B”ﬁ”

—

In[g4]:= | vectl =vect[[1]]

Out[84]= ra-pB;-2qApB;

V6 Vs 2

in[ss]:= | sol2 = Collect[SoIve[vectl =0, Ag] /-B1 > . {p. q}]
q
-
out[85]= {{Ao% == }}
29 246 v/q Vs
Cras V6 pvs a
V6 Vs a q o

In[86]:= vect2 = vect[[7]] /- {Bl-> —_—, Ap > - }// Simplify

Va 25 \a Vs A

out[86]=
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In[87]:= | Solve[vect2 = 0, k] // Simplify

oure | {2~ 2 v2507))



